Abstract. We classify all the relative positions between an ellipsoid and an elliptic paraboloid when the ellipsoid is small in comparison with the paraboloid (small meaning that the ellipsoid cannot be tangent to the paraboloid at two points simultaneously). This provides an easy way to detect contact between the two surfaces by a direct analysis of the coefficients of a fourth degree polynomial.
Introduction
As the simplest curved surfaces, quadrics have been extensively used in CAD/CAM and industrial design. This is justified by the fact that they can be manipulated through a simple algebraic expression, which makes their geometry more tractable for computational purposes. Another advantage is that quadric surfaces can be used to approximate other more complicated surfaces locally up to order two or to build a variety of shapes piecewise [13, 16, 19, 24] .
The problem of contact detection is essential in fields such as robotics, computer graphics, computer animation, CAD/CAM, etc. There exists an extensive literature about contact detection between quadric surfaces (see [14] for a classical reference and references therein such as [21] ), but one of the main tools relies on the use of a characteristic polynomial associated to the pencil of the quadrics to treat the collision detection problem. Indeed that was done in previous works considering conic curves (see [1, 6, 7, 15] ) and other quadric surfaces, especially ellipsoids, in Euclidean or Projective spaces (see [10, 22, 23] ).
Although the literature dealing with the relative positions of two ellipsoids is large (see [5, 20, 22 ] among others), there is a lack of information on the same problem associated to other quadrics that would fit different geometric features better than an ellipsoid when considered in practical contexts. With this motivation, we address the problem of finding the relative position between an ellipsoid and an elliptic paraboloid.
A direct approach to the problem of looking for the intersection between an ellipsoid and an elliptic paraboloid involves to solve a system of two polynomial equations of degree two. In order to avoid this task, the proposed method provides a quick answer in terms of the coefficients of a polynomial of degree four. Additionally, the resulting algorithms do not only discern whether there is contact or not but also give information on the relative position between the quadrics. Thus, this work sets the theoretical foundations of a method to detect the relative position between the two quadrics for the follow-up applications in specific practical contexts.
The classification of the relative positions leads to an extra natural assumption related to the size of the ellipsoid in comparison with the size of the paraboloid. This is given in Section 2 and further explained in the Appendix (see Section 8.1). The paper is organized as follows. The characterization of relative positions in terms of the roots of the characteristic polynomial associated to the pencil of the quadrics is given in Section 2, where possible applications are also treated. In Section 3 we analyze the characteristic polynomial and reduce the problem to study a paraboloid and a sphere. The particular case where the center of this sphere is in the OZ-axis is studied in Section 4, then extended to the whole space in Section 5, to prove the main result in Section 6.
Conclusions are summarized in Section 7 and, finally, some complementary material is provided in the Appendix to further enlighten more technical aspects of the developed approach.
2. Classification of the relative positions 2.1. Quadrics and characteristic polynomial. We consider a general elliptic paraboloid P with associated matrix P and a general ellipsoid E with associated matrix E, in such a way that in homogeneous coordinates X = (x, y, z, 1)
t the corresponding equations are, respectively, X t P X = 0 and X t EX = 0. We consider the pencil of the quadrics λP + E in order to define the characteristic polynomial of P and E as (1) f (λ) = det(λP + E).
We will refer to the roots of the polynomial f as the characteristic roots of P and E.
2.2. The "smallness" condition. All along this work we will assume that the ellipsoid is small in comparison with the elliptic paraboloid. More precisely, we will assume the following: "Smallness" hypothesis: the ellipsoid and the elliptic paraboloid cannot be tangent at two points simultaneously.
This hypothesis has a very specific geometric meaning and is naturally motivated by the classification of relative position between quadrics. This condition is equivalent to the fact that the ellipsoid and the paraboloid intersect in just one point or a curve with only one connected component. Thus, other more complicated relative positions that include multiple tangent points or intersections in curves with two connected components are excluded by this hypothesis. Moreover, the "smallness" hypothesis can be phrased in terms of principal curvatures of the surfaces: the smallest principal curvature in the ellipsoid is greater than the largest principal curvature of the elliptic paraboloid (which is attained at the vertex point). We refer to the Appendix for details about this geometric approach and a characterization in terms of the parameters of the quadrics.
The avoidance of the "smallness" hypothesis leads to complicated positions which, in principle, are not so interesting if one only intends to detect contact between the surfaces (see, for example, [11, 14, 17, 18] for information on the intersection curves between quadric surfaces).
Relative positions between the surfaces.
To analyze the relative positions between the two quadrics we establish the following definition. Definition 1. We say that:
(1) P and E are in contact if there exists X such that X t P X = X t EX = 0; (2) P and E are tangent at a point X if X t P X = X t EX = 0 and Y t P X = 0 if and only if Y t EX = 0, this is, P and E are in contact at X and have the same tangent plane at X; (3) a point X is interior to P if X t P X < 0 and exterior to P if X t P X > 0. By extension, we also say that E is interior (or exterior) to P if every point in E is interior (or exterior) to P. Theorem 2. Let E be an ellipsoid and P an elliptic paraboloid satisfying the "smallness" condition. The possible relative positions between E and P are those given in Table 1 below and they are characterized by the corresponding configuration of the characteristic roots.
Remark 3. Types I and TI are both detected by four negative roots. The problem of distinguishing these two relative positions comes from the fact that if there are exactly two roots that can be double roots in the Type I position (called themλ andλ). These two special roots are determined in terms of the parameters of the quadrics (see Theorem 11) . Thus, one can distinguish between the two relative positions once it is known thatλ andλ are not characteristic roots. Hence, one has that:
(1) 4 different real negative roots imply Type I; (2) 3 different real negative roots, one of which has multiplicity two and is different fromλ andλ, imply Type TI.
Relative positions between an elliptic paraboloid P and a "small" ellipsoid E There are always two roots (λ1 and λ2) that satisfy: λ1 ≤ λ2 < 0, the configuration of the other two roots (λ3 and λ4) determines the relative position of the ellipsoid and the elliptic paraboloid.
E is interior to P (Type I) or E is tangent to P from inside (Type TI)
Roots: λ 3 ≤ λ 4 < 0 Contact between E and P (Type C) Roots:
∈ R E is tangent to P from outside (Type TE)
E is exterior to P (Type E)
Roots: Roots: Table 1 . Characterization of the relative positions between a small ellipsoid and an elliptic paraboloid in terms of the characteristic roots.
Based on Theorem 2, one can detect the relative position of E and P by a direct analysis of the coefficients of the characteristic polynomial f as follows. The first step will be to compute the characteristic polynomial f and transform it in a monic polynomial p:
The discriminant of the fourth degree polynomial p(λ) is given by the expression (see, for example, [8] ):
In view of Theorem 2, there are neither two pairs of complex conjugate roots nor a double root and a pair of complex conjugate roots. Therefore, the non-tangent contact position is characterized by two complex conjugate roots (see Table 1 ), so it is also characterized by ∆ < 0 (see, for example, [9] ). The case ∆ = 0 characterizes multiple roots, which are related with tangent contact. More specifically, double roots indicate tangent contact except in two particular cases which are directly determined by the parameters of the paraboloid (for a paraboloid in standard form as in (3) the exceptions are −a 2 or −b 2 , see Section 5.1 for details). ∆ > 0 implies that there are 4 different real roots, which results in non-contact relative positions. In the later case, the Descartes' rule of signs allows to distinguish the interior and exterior cases as in Table 2 . This is summarized in the following result.
Conditions to classify the relative positions between E and P.
Type Conditions on the coefficients of p(λ) I or TI ∆ ≥ 0 and c i ≥ 0 for all i = 1, 2, 3 C ∆ < 0 TE ∆ = 0 and c i < 0 for some i = 1, 2, 3 E ∆ > 0 and c i < 0 for some i = 1, 2, 3 Table 2 . Characterization of the relative positions between a small ellipsoid and an elliptic paraboloid in terms of the coefficients of the characteristic polynomial.
Corollary 4. Let E be an ellipsoid and P an elliptic paraboloid satisfying the "smallness" condition. The relative positions between E and P are detected in terms of the coefficients of p as shown in Table 2 .
Possible algorithms to detect the relative position follow from Table 2 and the analysis in the following sections. The data needed to analyze the positions is small enough for the implementation of efficient algorithms to be used in real-time continuous moving frameworks. For example, an algorithm to detect the relative position of an ellipsoid that moves continuously from the exterior of the elliptic paraboloid can be based only in the discriminant computation as follows:
• else if ∆ > 0 then exterior (Type E), else tangent contact (Type TE). The previous algorithm just intends to illustrate the possibility of reasonable applications from Table 2 . A deeper analysis in the development of algorithms should take care of the efficiency in the implementation and can follow the line of techniques already used to detect the positional relationship between conics or ellipsoids, we refer to [1, 7] and references therein.
The characteristic polynomial
The set of roots of the characteristic polynomial given in (1) is invariant under the action of the affine group. Indeed, for any nonsingular transformation T one has that det(λT
2 det(λP + E). Therefore, in order to simplify the analysis of the relative positions we can always apply the composition of homotheties and rigid moves to the ellipsoid E and the paraboloid P as follows. First, by applying appropriate homotheties to the ellipsoid, it can be transformed into a sphere S of radius r > 0 and center at (x c , y c , z c ) (see, for example, [3] ):
Thus, in homogeneous coordinates X = (x, y, z, 1) t , S is given by the equation X t SX = 0 where
Note that it would be possible to transform the sphere into one of radius 1 too, but it does not carry a strong simplification and we prefer to work with a general radius r to emphasize the role played by the radius along the subsequent arguments. After converting the ellipsoid E into a sphere S by a transformation that also affects the paraboloid P, we can apply an appropriate rotation and a translation to the new elliptic paraboloid so that it is given in standard form (see [3] ):
The 4 × 4 matrix associated to P has the form
We emphasize that this process does not carry a loss of generality since the relative position between the two quadrics and the characteristic roots remain unchanged. Therefore, in what follows, we work with a sphere S of radius r and center (x c , y c , z c ) as in (2) and an elliptic paraboloid P given in standard form as in (3) .
For S and P we compute the characteristic polynomial explicitly to obtain:
The following is a general remark which will be crucial in the subsequent analysis.
Lemma 5. The characteristic roots of f satisfy:
(1) 0 is not a root.
(2) The product of all roots is 4a 2 b 2 r 2 > 0.
Proof. Substituting in the expression of the characteristic polynomial, we see that f (0) = −r 2 = 0, so 0 is not a root of f . From expression (4), transform f to a monic polynomial multiplying by −4a
2 b 2 to see that the independent coefficient, which equals the product of the roots, is 4a
Since we are going to work with a sphere S of radius r, the "smallness" condition becomes quite tractable, as it can be expressed in terms of the parameters of the paraboloid and the radius of the sphere. The condition for the circumference not to be tangent at two points of the parabola (see Figure 1 ) is that the curvature of the circle is greater than or equal to the curvature of the parabola at any point. Since the curvature of the circle at any point is 1 r and the maximum curvature of the parabola is 2 a 2 , this condition reads: 1 r ≥ 2 a 2 or, equivalently, 2r ≤ a 2 . Figure 1 . The maximum curvature of the parabola is attained at the vertex point. The condition for the circle not to be tangent at two points is that the curvature of the parabola at the vertex is less than or equal to the curvature of the circle.
4.
Relative positions when the center of S is located at the OZ-axis.
As a first step in our approach to classify the relative positions of S and P in relation with the roots of f , we are going to consider the particular case in which the center of S is located in the OZ-axis. This location can be detected in terms of the roots of f as follows. Along this section we analyze the case a = b, as the case a = b will be obtained as a consequence of this one. We adopt the notation established in Section 3 and assume the "smallness" hypothesis. In virtue of Lemma 6, the center of S is at the OZ-axis implies that λ 1 = −a 2 and λ 2 = −b 2 are characteristic roots. In this case, f (λ) = −4(a −2 λ + 1)(b −2 λ + 1)h(λ) with h(λ) = λ 2 + 4z c λ + 4r 2 . Then, denote by λ 3 ≤ λ 4 the other two roots and observe that (5) λ 3 = −2(z c + z 2 c − r 2 ) and λ 4 = −2(z c − z 2 c − r 2 ). Note that for i = 3, 4 1 2
Since |z c / z 2 c − r 2 | > 1, the value of λ 3 decreases and λ 4 increases (both strictly) as the center of S ascends through the OZ-axis for z c > r. Whereas λ 3 increases and λ 4 decreases as the center of S ascends through the OZ-axis when z c < −r.
The relative positions between S and P are summarized in the following lemma.
Lemma 7. Assume a = b. Let S be a sphere centered at (0, 0, z c ) and P a standard elliptic paraboloid, then λ 1 = −a 2 , λ 2 = −b 2 and all its relative positions can be characterized as follows:
(i) S is interior to P (Type I) if and only if
Proof. Non tangent contact between the surfaces is characterized by the condition |z c | < r and this is just the case when the roots λ 3 and λ 4 are complex numbers, λ 3 = λ 4 as a direct consequence of (5). This shows (iii).
Due to the "smallness" hypothesis, the sole possible point of tangency is (0, 0, 0) so S and P are tangent if and only if |z c | = r. In this cases the discriminant z 2 c − r 2 in (5) vanishes and thus λ 3 = λ 4 . Furthermore, this root is λ 3 = λ 4 = −2r if z c = r and λ 3 = λ 4 = 2r if z c = −r. This shows (ii) and (iv).
As the center of the sphere is at the OZ-axis, S is interior to P if and only if r < z c whereas S is exterior to P if and only if z c < −r. In both cases the term z 2 c − r 2 is positive, so λ 3 = λ 4 . Moreover, if S is interior to P then from (5) we have λ 3 < λ 4 < 0. Similarly, if S is exterior to P then 0 < λ 3 < λ 4 .
To show that λ 4 = −a 2 , −b 2 in the interior case, note that if z c = r, then −b 2 < −a 2 ≤ −2r = λ 4 , but λ 4 is an strictly increasing function on z c for z c > r. So −b 2 < −a 2 ≤ −2r < λ 4 for z c > r, this is, when S is interior to P.
Note that the case 2r = −a 2 is a special one, where interior tangency is characterized by a triple root −a 2 . This is precisely the case in which the maximum curvature of the vertical parabola in the plane y = 0 equals the curvature of a maximum circumference of the sphere (see Figure 1) . A double root −a 2 does not correspond to a tangent position, but to the interior case (Type I) in this instance.
Characterization of the relative positions
In this section we explore the relation between relative positions and characteristic roots when a = b. Again, we assume the "smallness" hypothesis and use previous notation. We begin by relating the tangent situation with multiple roots, then we distinguish the interior and exterior cases in terms of the sign of real roots and, finally, we associate non-tangent contact with complex roots.
Tangency points and multiple roots.
A key point in our global analysis is the relation between tangency and multiplicity of roots. Generally speaking, tangency is detected by multiple roots of the characteristic polynomial. However, there exist two multiple roots, namely −a 2 and −b
2 , that can be double and are not associated to a tangent position between the surfaces. The following results express this fact. In this section we are going to carefully analyze the relation between the multiple roots and the existence of a tangent point between S and P. First note that if the quadrics are tangent then there exists a multiple root. The proof of the following two results is analogous to those given in [2] (see Lemma 26 and Lemma 25, respectively), so we omit them in the interest of brevity.
Lemma 8. If P and S are tangent, then there exists a multiple real root of the characteristic polynomial.
A partial converse of Lemma 8 is the following.
. If the multiplicity of λ is m ≥ 2, then there exists at least one point where P and S are tangent.
Remark 10. The roots −a 2 and −b 2 are indeed special in Lemma 9. The following example shows how −a 2 can be a double root and there is no tangency between S and P:
P :
Roots : The following result summarizes the relation between tangency and multiple roots. We leave the proof for the Appendix so that we do not break the flow of the global argument. (1) −a 2 is a triple root. (2) λ ∈ R\{−a 2 , −b 2 } is a multiple root.
5.2.
The interior and exterior cases. We have already proved the characterization of relative positions when the center of S is in the OZ-axis (in the case a = b). To extend it to the remaining space we are going to move the center of the sphere along a path from any point to an appropriate point in the OZ-axis. Denote this path by α(t), with t ∈ [t 0 , t 1 ]. Define f t (λ) = det(λP + S(t)) as the characteristic polynomial f (λ) for S centered at α(t).
Lemma 12. Let p(t) = α n (t)λ n + α n−1 (t)λ n−1 + · · · + α 1 (t)λ + α 0 (t) be a polynomial of degree n whose coefficients depend continuously on a parameter t. Assume p(t 0 ) has n distinct real roots and that p(t 1 ) has some complex (non real) root. Then there exists t d ∈ (t 0 , t 1 ) so that p(t d ) has a multiple real root.
Proof. Let t d = Inf{t ∈ [t 0 , t 1 ]/p(t) has a non real root}. Note that t d ∈ (t 0 , t 1 ). There exist ε > 0 small enough so that p(t d − ε) has real roots and p(t d + ε) has some non real root. For ε small enough, p(t) factorizes as
where the second degree polynomial α 2 (t)λ 2 + α 1 (t)λ + α 0 (t) has complex conjugate roots for t = t d + ε. The functions α i are continuous functions for i = 0, 1, 2, so the discriminant d(t) = α 1 (t) 2 − 4α 0 (t)α 2 (t) is also a continuous function. Since d(t d − ε) > 0 and d(t d + ε) < 0, it follows that d(t d ) = 0, so there is a double root for α 2 (t)λ 2 + α 1 (t)λ + α 0 (t) and a root of multiplicity at least two for p(t d ).
Lemma 13. Assume a = b. Suppose that there is no contact between P and S. Then f (λ) has four real roots, all of them with multiplicity 1, except −a 2 and −b 2 that could possibly have multiplicity 2. Moreover:
(1) If S is interior to P, then all the roots are negative.
(2) If S is exterior to P, two roots are positive and two are negative and different.
Proof. First, let us consider a sphere S which is interior to the paraboloid. If the center of S is at the OZ-axis, because of Lemma 7, the roots are λ 1 = −a 2 , λ 2 = −b 2 and λ 3 < λ 4 < 0. If x c = 0 and y c = 0, we can construct the path α(t) = ((1 − t)x c , (1 − t)y c , z c ) with t ∈ [0, 1] (see Figure 3 (a) ). This path does not intersect the planes x = 0 or y = 0, so −a 2 and −b 2 are not roots of f t (λ) for t ∈ [0, 1) (see Section 8.2). Since S is not tangent to P at any point of the path, there are no multiple roots in virtue of Lemma 9. Moreover, since the roots in α(1) are all real and negative, since 0 is not a root (see Lemma 5) , and since Lemma 12 does not allow complex roots, the roots of f 0 (λ) are also real and negative.
Assume x c = 0 and y c = 0. Then −a 2 is a root. Consider the path α(t) = (0, (1 − t)y c , z c ) and note that α is contained in the plane x = 0, so −a 2 is always a root when the center of the sphere moves along α. Therefore, the characteristic polynomial decomposes as f (λ) = (λ + a 2 )g(λ). We use Lemma 5, Lemma 7 and Lemma 12 as before, together with Theorem 11 to conclude that all the roots are negative in α(1). Note that g(λ) does not have any double root, but −a 2 could be a root of g(λ) (−a 2 and −b 2 are the only possible double roots without an associated tangency, see Theorem 11). In that case S is interior to P and −a 2 is a double root of f (λ). The argument is similar if y c = 0 and x c = 0. Thus assertion (1) follows.
To prove assertion (2) we construct a path so that the sphere moves without intersecting the paraboloid. For example, for a general S and P, the sum of the paths α(t) = (x c , y c , z c −t(|z c |+2r)), t ∈ [0, 1], and β(t) = ((1 − t)x c , (1 − t)y c , z c − |z c | − 2r), t ∈ [0, 1], ensures that there is not contact between the surfaces and the center at the end of the path is located in the negative part of the OZ-axis (see Figure 3 (a) ). Now, a similar argument to that given in assertion (1) applies to prove assertion (2) . Figure 3 . Paths translating the center of the sphere from the initial position to the OZ-axis with the same relative position all along the path.
5.3.
The non-tangent contact case.
Lemma 14. Assume a = b. If S and P are in non-tangent contact, then f (λ) has a pair of complex conjugate roots and two different real roots.
Proof. Assume S and P are in non-tangent contact. Then we can build a path from (x c , y c , z c ) to (0, 0, 0) to move the center of S along it in such a way that all along the path S and P are in non-tangent contact. We do it in two steps as follows. Let (x 1 , y 1 , z c ) be the intersection point between the horizontal half-ray starting at the OZ-axis trough (x c , y c , z c ). We consider the horizontal path α(t) = ((1 − t)x c + tx 1 , (1 − t)y c + ty 1 , z c ), t ∈ [0, 1], which joins (x c , y c , z c ) and (x 1 , y 1 , z c ). Now consider the arch of parabola from (x 1 , y 1 , z c ) to (0, 0, 0) obtained by intersecting P with the vertical plane which contains these two given points and parametrized it as the curve β. The sum of α and β provides a path from (x c , y c , z c ) to (0, 0, 0) (see Figure 3 (b) ). By Lemma 7, the characteristic polynomial has a pair of complex conjugate roots when the center of S is at (0, 0, 0). Assume x c = 0 = y c , so −a 2 and −b 2 are not roots. Since there are no tangent points along the path we have built, there are no roots with multiplicity greater than 1 (see Lemma 9) , and hence there are a pair of complex roots when the center of S is at (x c , y c , z c ) as a consequence of Lemma 12. If x c = 0, then −a 2 is a root (see Lemma 15) and the images of α and β belong to the plane x c = 0. Hence we decompose f (λ) = (λ + a 2 )h(λ) and argue as before with the polynomial h to conclude the result.
The proof of Theorem 2
Proof of Theorem 2. This section is devoted to prove the classification result of Table 1 . We analyze the cases a = b and a = b separately given their different behavior.
6.1. The strictly elliptic case: a = b. We begin with a general ellipsoid and an elliptic paraboloid in a certain relative position. Since the characteristic roots of E and P are invariant under affine transformations, we apply the corresponding homotheties and rigid moves to the space so that the ellipsoid becomes a sphere and the elliptic paraboloid is in standard form (see Section 3). We assume first a = b and use previous results as follows.
As a direct consequence of Lemma 13, if S is interior to P then there are four real roots and either all of them are different or some of −a 2 and −b 2 are double roots (see Section 8.2 for the −a 2 and −b 2 exceptional cases). Also, if S is exterior to P then there are two real positive and two real negative simple roots. Lemma 14 shows that there are two complex conjugates roots in the non-tangent contact case. Note that the argument in Lemma 14 also shows that the other two roots are real.
Finally, the tangent cases are associated with a multiple root by Theorem 11. Moreover, tangent relative positions can be obtained by moving a sphere continuously from an interior or an exterior position. Since the roots are continuous functions on the coefficients of the characteristic polynomial, the interior tangency results in four real roots, at least one of which has multiplicity strictly greater than 1, and the exterior tangency results in two negative roots and one double root which is positive.
6.2. The circular paraboloid case: a = b. To finish the proof of Theorem 2 it remains to consider the case a = b. If a = b the paraboloid is circular and is an exceptional case in the analysis developed in Sections 3 and 5. Situations like this, where the quadric is a surface of revolution, were considered previously in the literature (see [2] ). When we work with a circular paraboloid and a sphere, −a 2 is always a root of the characteristic polynomial. Furthermore, due to the rotational symmetry, the problem can be reduced in one dimension by considering the intersection of the plane that contains the axis of the paraboloid and the center of the sphere. Hence, f (λ) = (λ + a 2 )h(λ), so one needs to study the third degree polynomial h and the relative positions between a circumference and a parabola.
However, the circular case is obtained using continuity of the roots of the characteristic polynomial from a paraboloid with a = b. Since we already have the classification of the relative position if a = b, we opt for a direct approach based on the continuity of the roots of f (see [12] for a complete reference). Thus, consider an -paraboloid of the form
For a given relative position of the circular paraboloid, it can be obtained as a limit of anparaboloid when → 0. Thus, since 0 is never a root by Lemma 5, a position where S is interior to P and S is tangent to P from inside has roots λ 3 ≤ λ 4 < 0 for any -paraboloid, so in the limit, when → 0, also has λ 3 ≤ λ 4 < 0. The fact that a position of contact between S and P provides complex roots for f is obtained by redoing the argument of Lemma 14 for the circular paraboloid, taking into account that −a 2 is always a root and working with a third degree polynomial (see also [2] for an analogous situation with a circular hyperboloid). For any -paraboloid, that S is tangent from outside to P is characterized by a positive double root λ 3 = λ 4 > 0, so when → 0 this will happen too, because 0 is not a root. Finally, if S is exterior to P, then 0 < λ 3 < λ 4 for any -paraboloid, so in the limit we have 0 < λ 3 ≤ λ 4 because 0 is not a root. Now, Lemma 9 excludes the case λ 3 = λ 4 which corresponds to tangent contact also if a = b. In summary, the classification given in Theorem 2 is also valid when a = b. This completes the proof of Theorem 2.
Conclusions
We have shown that the roots of a characteristic polynomial of order four are suitable to detect the relative position between an ellipsoid and an elliptic paraboloid if the ellipsoid is small in comparison with the elliptic paraboloid. Table 1 summarizes the five possible relative positions in terms of the roots. This classification sets the theoretical framework to develop efficient algorithms based on the analysis of the coefficients of the characteristic polynomial as in Table 2 . Thus, contact detection between the two quadrics is simple enough to be applied in a continuous time-varying positional context (see those algorithms introduced in [1, 7] in an analogous context and references therein).
The exterior case is especially interesting, as the relative positions are directly detected as follows: the surfaces are not in contact if there are two different positive roots, they are tangent if there is a double positive root and they are in non-tangent contact if there are complex conjugate roots. This classification agrees with that given for two ellipsoids or an sphere and a circular hyperboloid (see [2, 22] ).
8. Appendix 8.1. The "smallness" condition in more detail. The "smallness" hypothesis can be interpreted in terms of the principal curvatures of the surfaces. The fact that the maximum principal curvature of the paraboloid is less than or equal to the minimum curvature of the ellipsoid guarantees the "smallness" condition. Thus, for a paraboloid P given by equation (3), we intersect P with the vertical plane y = 0 to obtain the parabola z = x 2 a 2 . Since we are assuming a ≤ b, this parabola is the one with greatest curvature. We parametrize the parabola by α(t) = (t, t 2 /a 2 ) and compute the curvature using the expression κ(t) = α (t)×α (t) α (t) 3 (see, for example, [4] ) to obtain κ(t) = 2a
The curvature attains its maximum at t = 0, this is, the vertex of the parabola, and κ(0) = 2 a 2 . In general, if we consider an ellipsoid, we shall compare the minimal principal curvature of the ellipsoid with the value 2/a 2 . Thus, for example, for an ellipsoid given in standard form: . Therefore, the "smallness" hypothesis reads 2 + 1/4 . Since 2r ≤ a 2 by the "smallness" condition, we conclude that y and due to the "smallness" assumption (2r ≤ a 2 ) we have that r = a 2 /2. Moreover, from (6) we conclude x = 0 and y = y c = 0, so −a 2 is indeed a triple root by Lemma 15. A similar argument exclude the possibility of having a tangent point associated to the root −b 2 with multiplicity 2.
